As is well-known, the Hilbert class equation is the polynomial H D (X) whose roots are the distinct j-invariants of elliptic curves with complex multiplication by the maximal order R K in the imaginary quadratic field
Theorem (Stankewicz) . If p is an odd prime for which (D/p) = −1, and p does not divide the discriminant of H D (X), then H D (X) has a linear factor over F p if and only if −p q = 1, ∀ q|D, q an odd prime.
Stankewicz derives this criterion from his analysis of rational p-adic points on twists of Shimura curves. In this note I give a more direct proof of the criterion using genus theory and basic properties of the Hilbert class field. The proof shows that the above theorem fits naturally into a discussion of genus theory. (See [co] , [has2] , and [ish] .) 1 Necessity.
In this and the next section the integer −N will denote the square-free part of the fundamental quadratic discriminant D, and K is the imaginary quadratic field
Theorem 1. Let Σ 0 denote the real subfield of the Hilbert class field Σ of the quadratic field K = Q( √ −N ). Assume p is an odd prime for which
If p has a prime divisor p of degree 1 in Σ 0 , then
To prove this we use the decomposition
where the product is over all the prime divisors of D.
The genus field of K is the field Ω, which is obtained by adjoining all the squareroots √ q * to K, as q varies over the prime divisors of D. It is the largest unramified extension of K which is abelian over Q, so that Ω ⊆ Σ.
Assume that the odd prime p has a first degree prime divisor in Σ 0 . The conditions −N p = −1 and p odd imply that p does not divide D, and p has a first degree prime divisor in every subfield of Σ 0 . If q is a prime ≡ 1 (mod 4), then q * = q, so Q( √ q) ⊆ Σ 0 . Hence, p has a first degree prime divisor in Q( √ q), which implies that
This implies then that
If 2|D and 2 * = 8, the same argument also gives 2 p = 1, so p ≡ ±1 (mod 8).
On the other hand, if there are several primes q i ≡ 3 (mod 4), i = 1, 2, then
It follows that
We get a similar conclusion when 2|D and 2 * = −4, −8, namely
Now we use the fact that
From (1.1), (1.3), (1.4) the terms with q ≡ 1 (mod 4) or q * = 8 drop out, and we are left with
where r is the number of prime divisors of D with q ≡ 3 (mod 4) or q * = −4, −8.
But this implies that r is odd and q * p = −1 for all these prime divisors. Hence,
Together with (1.2), this proves Theorem 1.
Proof. Since p does not divide the discriminant of H D (X) and a real root of H D (X) generates Σ 0 , it is clear that the factors of H D (X) mod p correspond 1-1 to the prime divisors of p in Σ 0 . The corollary is now immediate from Theorem 1.
2 Sufficiency. t−1 , as well.) Hence, the decomposition field of any prime divisor P of p in Σ contains the field Ω 0 , and therefore the decomposition group G P is contained in H = Gal(Σ/Ω 0 ). I claim that it suffices to show G P = {1, τ } for some P|p, where τ is complex conjugation. If this holds, then Σ 0 , which is the fixed field of τ , is the largest field in which the prime below P has degree 1, i.e. p = PP τ is a first degree prime divisor of p in Σ 0 .
Let J = H ∩ Gal(Σ/K) be the subgroup of Gal(Σ/K) corresponding to Ω in the Galois correspondence, so that [H : J] = 2 and H = J ∪ Jτ . By the genus theory [h], J corresponds to the subgroup of squares in P ic(R K ), in the Artin correpondence between ideal classes in R K and elements of the Galois group Gal(Σ/K).
We now have what we need to complete the proof. The decomposition group G P is a subgroup of H of order 2. This is because p is inert in K, so that (p) = pR K is a principal ideal and therefore p splits completely in the extension Σ/K. Furthermore, we know that K is not contained in the decomposition field of any P, and therefore G P ⊂ J ⊂ Gal(Σ/K). Hence, G P ⊂ H is generated by some στ , with σ ∈ J. But σ = ψ 2 for some ψ ∈ Gal(Σ/K), by the characterization of the group J, and
This shows that G P ψ = {1, τ } and completes the proof. Proof. Theorem 2 implies that H D (X) has a linear factor over Q p and therefore H D (X) (mod p) has a root in F p .
The proof of Theorem 2 shows that when p has a first degree prime divisor p in Σ 0 , then it has as many prime divisors of degree 1 as there are distinct elements ψ in Gal(Σ/K) for which
P|p. This holds if and only if ψ −1 τ ψ = τ , i.e., if and only if ψ 2 = 1. The number of such elements ψ is exactly 2 t−1 , since this is the order of the 2-Sylow subgroup of the class group P ic(R K ). Thus we have:
Theorem 3. If p is an odd prime for which −N p = −1, and p has a prime divisor of degree 1 in Σ 0 , then it has exactly 2 t−1 such prime divisors, where t is the number of distinct prime factors of D.
Taken together, Theorems 1-3 yield the following Decomposition Law for the real subfield Σ 0 of Σ.
Prime Decomposition Law in Σ 0 . Let p be an odd prime that does not divide D.
where f is the order of a prime ideal divisor ℘ of p in P ic(R K ). This law immediately implies the following density result.
Theorem 4. The density of primes p ∈ Z + for which H D (X) has a linear factor (mod p) is d(P (Σ 0 )) = 1 2h(D) + 1 2 t , where t is the number of distinct prime factors of D.
